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Abst rac t - - In  Monte Carlo calculations of rarefied gas flows, physical interaction potential models 
are often replaced by computationally more efficient phenomenological models for the scattering 
angle in a binary collision. In this paper, the Variable Hard Sphere, Variable Soft Sphere and M1 
computational scattering angle models are compared amongst themselves and with several physical 
potentials. Comparisons are given for the scattering angle as a function of impact parameter and for 
the ratio of the diffusion coefficient to the viscosity coefficient. 
Keywords--Boltzmann equation, Scattering cross section, Monte Carlo simulation, Kinetic the- 
ory. 
1. INTRODUCTION 
The properties of a rarefied gas are determined entirely by the differential collision cross section 
which describes the two particle interaction. It is often assumed that this interaction can be de- 
scribed in terms of elastic collisions between two point particles cattering in a radially symmetric 
interaction potential ¢(r) ,  where r is one-half the distance between the two points. From the 
conservation of linear and angular momentum, the relationship can be determined of the scatter- 
ing angle X to the relative velocity of the colliding pair Vr and the impact parameter b (defined 
to be the distance of closest approach if the potential were constant) [1]. This is illustrated in 
Figure 1, which shows the collision in the center of mass coordinate frame. The function x(Vr, b) 
is given by 
(1.1) f c~ dr X = 7r -2b  
where rmin is the distance of closest approach given by solving 
2(I) (rmin) ~ b 2 2 1 = rmin ] (1.2) 
Here, mr is the reduced mass of the two colliding particles with masses ml  and m2 defined as 
mlm2 
mr = • (1.3) 
ml  +m2 
In the following, we will assume we are dealing with a pure single species gas, so that mr = m/2.  
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Figure 1. The geometry of the scattering interaction i  the center of mass reference 
frame and the special case of the interaction of spheres with diameter dl and d2, 
respectively. 
The purpose of this paper is to compare microscopic (scattering angles) and macroscopic (trans- 
port coefficients) properties of several proposed physical potential models with three phenomeno- 
logical scattering angle models which may be used to accelerate Monte Carlo computations. Sec- 
tion 2 presents the physical potential models, while in Section 3, the definitions of the transport 
coefficients are reviewed. The computational scattering angle models are discussed in Section 4. 
Finally, Section 5 presents he comparison ofthe models. Of particular interest is the comparison 
of the Variable Soft Sphere and M1 computational scattering angle models. These models have 
both been recently proposed as improvements to the standard Variable Hard Sphere model. The 
paper ends with conclusions regarding the use of these models. 
2. PHYSICAL POTENTIAL MODELS 
Based on experimental data, a number of models have been proposed for the interaction po- 
tential. Perhaps the most fundamental is the purely repulsive Inverse Power Law potential 
~IPL(T) =~(_.r.r ~ -0)-1). 
\ rm ] 
(2.1) 
Here, e, rra, and u are species dependent parameters that may be fit to experimentally measured 
data. The observation that molecular interaction consists of long range attraction and short 
range repulsion has led to models such as the Lennard-Jones 6-12 potential 
-0) 
(I)Lj(r) ~- 4,  ~ \ rm/  -- -~m " (2.2) 
Again, e and rm are species dependent parameters. A similar potential is that of Maitland- 
Smith [2,3] 
q)MS(r) = e ~m -- ~ ~m ' (2.3) 
where 
n(r) = 13-4- v (~ - 1).  (2.4) 
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Table 1. Parameters for various potential models for Argon. Here, kB is the Boltz- 
mann constant. 
Potential e (K) rm (2t) v 
kB 
Inverse Power Law (IPL) 233 3.70 7.5 
Lennard-Jones 6-12 (L J) 24 3.42 - 
Maitland-Smith (MS) 142 3.76 7.5 
Abrahamson (Abr) 6.89 × 10 ~ 0.273 - 
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Again, e, rm, and v are fit to the data. For higher energy particles, the power law repulsion terms 
appear to be too hard. For these cases, the Abrahamson potential has been proposed [4] 
Values for the various parameters for Argon are given in Table 1. 
In numerical particle simulations, for a colliding pair of particles with given relative velocity Vr, 
it is necessary to choose an appropriate scattering angle X. For Monte Carlo methods, where the 
particles are assumed to be independent before colliding, this is achieved by sampling the impact 
parameter b uniformly on the interval [0, bmax]. Here, bmax is the maximum interaction distance 
of a pair of particles, such that for impact parameters greater than bmax, no interaction occurs. 
This cutoff is necessary to ensure finite scattering cross sections, and it is consistent with the 
assumption that only binary collisions occur. With Vr given and b uniformly sampled, X may be 
computed according to equation (1.1). 
Because X is given by an integral, there is a nontrivial numerical cost associated with its 
evaluate for each collision. Table look up and interpolation over the two-dimensional unbounded 
parameter space (Vr, b) may be used. However, it is more common to replace quation (1.1) with 
a simpler algebraic expression which may easily be evaluated at each collision. These new models 
for X do not necessarily correspond to any simple potential model ¢(r) .  However, through careful 
choice of the parameters in the models, the key features of the proposed physical potentials may 
be reproduced. 
Standard hard sphere scattering may be regarded as such a model, albeit one which does 
correspond to a simple potential model 
O0, r <~ bmax, 
(I)Hs = 0, r ) bmax. (2,6) 
Here, bmax is the physical diameter of the hard sphere particle. When equation (1.1) is evaluated, 
the result is 
b < 1. (2.7) X = 2COS-I(z), 0 ~ Z = bm--~ -- 
Thus, by simply sampling z as a uniform random number on [0, 1], X may be easily evaluated. 
Other, more sophisticated models of this nature will be discussed and compared in the following. 
3. VISCOSITY AND DIFFUSION COEFFICIENTS 
Two key quantities associated with the scattering angle model are the viscosity and diffusion 
cross sections, a~ and aD, which are functions of the relative velocity of a colliding pair of 
particles. These are defined as 
,•0 
°°  
~, (Vr) = 2vr (1 - cos 2 X) bdb, 
aV (Vr) = 27r (1 - cosx) bdb. 
(3.1) 
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The names arise from the fact that in the Chapman-Enskog theory [5,6], the viscosity and self- 
diffusion coefficients of the gas, # and D, are expressed in terms of weighted integrals of these 
cross sections over all possible relative velocities. Specifically, the first approximations to these 
coefficients are given by 
= (a . )  -1 , 
(3.2) 
pD = (av) - I .  
Here, m is the molecular mass, 0 = (kB/m)T,  where T is the temperature, and the density of the 
gas is p. The quantities f~ and f~o are functions of temperature and are given by the integrals 
~0 °° 
_~. e-'~2^,7 . S2# I a~, aT, 
~D = e-~2@aD dT. 
(3.3) 
The relative velocity enters through equation (3.1) and is related to the integration variable 7 
by Vr = 2V~7. An important dimensionless quantity associated with these coefficients i  the 
Schmidt number Sc defined as 
Sc = ~ = 3 ~D 
pD 5 [2~," (3.4) 
As we shall see, over a wide range of temperatures, species and potential models, the Schmidt 
number emains close to a constant value with variations less than 10%. In the following discus- 
sion, we will find it more convenient to consider the inverse of the Schmidt number Sc -1. 
It is clear from (3.2) and (3.3) that # and pD are functions only of temperature, the molecular 
mass, and the species dependent parameters of the interaction potential. Once the potential, or 
equivalently the scattering angle model, is specified, the temperature d pendence ofthe transport 
coefficients i determined. In the case of the inverse power law potential (2.1), this temperature 
dependence may be computed explicitly. The result is 
, = JJref , (3.5) 
where #ref is the viscosity of the gas at temperature Tref, and the exponent w is related to the 
power law exponent v by 
1 2 
V- -1  k vv]  
4. SCATTERING ANGLE MODELS FOR COMPUTATIONS 
The goal of a numerical scattering angle model is to provide a simple function x(Vr, b) which 
reasonably models true molecular interactions. The first such model, proposed by Bird [7], 
was the Variable Hard Sphere (VHS), which has become the standard choice in Monte Carlo 
calculations. The idea here is to use the hard sphere scattering angle (2.7), but make the hard 
sphere diameter bmax a function of the relative velocity of the colliding pair. The function bmax(Vr) 
is chosen so that the corresponding viscous cross section matches that of a given potential or other 
cross section model. This approach was later modified by Nanbu [8] so as to match the diffusion 
coefficient of a binary gas instead of the viscosity coefficient. 
Equations (3.1) show that if the scattering angle XM for some model M depends only on 
0 < z ~- b/bmax <_ 1 (X = 0 for z > 1), then the viscosity and diffusion cross sections can be 
rewritten as 
~_ CI.~ /,2 Up M t'max, 
D 2 (4.1) 
a D -~ C M bmax, 
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where 
f0 
1 
C~ = 2r (1 -cos2 XM(Z))zdz, 
(4.2) 
Cfl  = 2~r (1 - cosXM(Z)) zaz. 
The quantities C~ and C~ may be constant or may depend on parameters in the scattering 
angle model or the relative velocity. 
The Variable Hard Sphere models ets XVHS = 2cos -1 z so that C~H s = 27r/3 and C~H s = r. 
For VHS it is clear that any desired viscous cross section and viscosity coefficient (or alternately 
diffusion cross section), corresponding to any proposed physical potential, can be built explicitly 
into the definition of bmax. In practice, however, the viscous cross section of the inverse power law 
potential is usually chosen because of its explicit power law dependence on "7: a ,  oc 3`-4/(~,-1). 
This allows (3.3) to be integrated analytically leading to a viscosity coefficient of the form (3.5). 
The parameters of (3.5) re, w, #ref, and Trd, obtained from experiments orother potential models, 
are then used to define bmax [7]. It is possible to tabulate numerically or use polynomials fitted 
to the function a,(Vr) for other potentials to determine bmax. However, for most engineering 
purposes, the relative velocity dependence of the inverse power law model, and the associated 
viscosity coefficient, are suitable. 
A disadvantage of the VHS model is that bmax is determined by only the viscosity coefficient, 
while information about the diffusion is not used. A consequence of this is that the diffusion 
coefficient associated with VHS is too small. In 1991, Koura and Matsumoto [9] showed that this 
could be corrected by choosing a simple scattering angle model which depends on a parameter c~. 
Equations (4.1) may then be solved for C~, C~, and bm~ in terms of a ,  and am by noting that 
the ratio a~,/aD depends only on a. Inverting this relationship gives c~ as a function of a,/am, 
and bm~ follows easily. Specifically, they proposed the Variable Soft Sphere (VSS) model for 
which 
XVHS ---- 2COS-1 (zl /a) • (4.3) 
For this model, 
47ra 27r 
= C~Hs = (~ + 1)" C~ns (a + 1)(a + 2) and D _ _  (4.4) 
This model reduces to VHS when a = 1. Given a~(Vr) and aD(Vr), the solution of (4.1) gives 
~aD 2/~ + 1 
bmax= 2"~ 2-~--~ 1 ' 
1 
Z-  1/2'  
where 
/~ = ~__~D. (4.5) 
As with VHS, a~, and aD are generally modeled as having the same relative velocity dependence 
as the inverse power law model. As a consequence,/~ and therefore a are constants which may be 
determined by fitting experimental data to the functional form of (3.5). Values for various pecies 
are given [7]. Values for a for the actual inverse power law potential, as well as a discussion of 
using approximate fitted equations for a~ and aD for the Lennard-Jones 6-12 potential can be 
found in [9]. In the Lennard-Jones ease, a becomes a function of relative velocity. In [10], Koura 
and Matsumoto discuss using the phenomenological model of Cubley and Mason, which assumes 
that a~ and aD have a power law dependence on relative velocity (as in the IPL case), but that 
the powers are not equal. This leads to a simple power law form for a(Vr). 
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Figure 2. Physical potential scattering angles for Argon based on the parameters in
T~ble 1 (~ = 1). 
For most potentials, it can be seen that the scattering angle X is nearly a linear function of the 
impact parameter b over a considerable portion of the relevant domain of b starting at 0. This 
is illustrated for Argon with ~f = 1 for the various potential models in Figure 2. It is also known 
that inverse Schmidt number Sc -1 does not vary greatly over a wide range of temperatures and 
species (see Figures 4 and 5). These considerations lie behind the M1 model proposed by the 
current authors in [11,12]. For the M1 model, the scattering angle and the associated constants 
are given by 
8 
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XM1 = 7r(1 -- Z), 
7[ 
= (4.6) 
c 1= 7[ 1 -  . 
The quantity bmax is chosen identically as in the VHS model, using the same parameters w, #ref, 
and Tref which define VHS, except hat it is scaled by ~/~ so that the viscosity cross sections 
matches that of VHS, i.e., 
M1 i-~ I'vns bmax -- -max • (4.7) 
As with VHS, there is no additional parameter a which may be used to match both viscosity 
and diffusion data or models. However, as we shall see next, M1 does a considerably better job 
than VHS in describing the diffusion coefficient (the viscosity coefficients of the two models are 
equal by definition). For most applications, M1 describes the diffusion coefficient to within the 
accuracy required. This model was introduced to more correctly capture the forward scattering 
of high energy titanium particles in a sputtering reactor. For such cases, and many others, it 
is unlikely that reliable diffusion data or models are available which would allow an additional 
parameter a to be accurately determined. The next section provides a comparison of the various 
potential and computational cross section models discussed here in terms of the inverse Schmidt 
number. 
5. COMPARISON OF  MODELS 
We now present acomparison of the various computational scattering angle models, the physical 
potentials described above, and some experimental measurements. For the computational models 
(VHS, VSS, and M1) we will follow the standard approach of assuming that the viscosity may 
be modeled by equation (3.5) and that the viscosity and diffusion coefficients have the same 
temperature dependence. This is inherent o VHS and M1 and for VSS means that ~ is constant. 
(This assumption on VSS is made here only so that each species may be identified with the single 
temperature exponent w of (3.5).) 
The first comparison involves the scattering angle itself as a function of the impact parameter 
for a fixed relative velocity. The relative velocity is represented here by the temperature and 
the dimensionless parameter '7of equation (3.3) as Vr = 2YRS,. In Figure 2, the four physical 
potential models are compared for Argon with ~/= I at T = 273 K and at T = 2000 K. This figure 
illustrates that for impact parameters up to around rm, the scattering angle for all the models 
is very nearly linear in b. This is an important observation i  that the collisions which have the 
largest influence on the velocity distribution are those with the smallest impact parameters. 
A similar picture is presented in Figure 3 for the computational scattering angle models. The 
parameters for these models are based on the data Tre  f -~ 273, ~ref ---- 2.117 × 10-SNsm -2, and 
w --- .81. For VSS, (~ = 1.4. The inverse power law scattering angle is included for reference. 
This figure illustrates the fact that the M1 model is significantly closer to the inverse power law 
scattering angle (in the L 2 norm) than VHS or VSS. In fact, for the two temperatures tested 
(with "y = 1), over the repulsive range of the potential, M1 was significantly closer to all the 
potential models tested. 
The second comparison concerns the ratio of the diffusion and viscosity coefficients given by 
the inverse Schmidt number 
Sc_ 1 = pD (5.1) 
Figure 4 shows this ratio for the four physical potential models for Argon over a temperature 
range from 273K to l l ,000K. The top and bottom bounds for Sc -1 on this graph correspond 
to the limiting cases of Maxwell molecules (IPL with v = 5 for which Sc -1 = 1.55) and hard 
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Figure 3. Computational scattering angles for Argon (7 = 1). 
spheres (Sc -1 = 1.2). This figure shows that even over this large temperature range, this ratio 
varies less than 5% for the various models. This is the justification for assuming that both the 
diffusion and viscosity coefficients have the same temperature dependence. 
Figure 5 shows the inverse Schmidt number for the computational scattering angle models 
and for the Lennard-Jones and inverse power law potentials at a constant temperature of 273 K. 
The independent variable is the temperature exponent w of (3.5). For the inverse power law 
potential, Sc -1 may be computed solely as a function of •. Likewise for VI-IS and M1, for which 
Sc -1 is proportional to 7 - 2w. For the VSS model, the experimental data from [6] is plotted for 
various species at the value of w associated with each species. For the Lennard-Jones potential, 
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there is no direct link between the energy parameter  for a given species and the exponent ~ in 
the viscosity model of (3.5). However, by fitting two values of the Lennard-Jones viscosity (at 
two temperatures) to this viscosity model, a value of w may be associated to each species. The 
Lennaxd-Jones curve in Figure 5. consists of computed values of Sc -1 at 273 K for various pecies 
(i.e., values of e) which are plotted at their associated values of ~, taken from data in [12]. 
Figure 5 shows that the VHS model considerably underestimates the diffusion coefficient. 
The inverse power law potential generally overestimates the experimental values of Sc -1. The 
Lennard-Jones potential is more accurate, but still tends to give too small a value to Sc-1. The 
Maitland-Smith potential (not shown on in this figure) tends to give slightly higher values of 
35-1 /Z -G 
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this ratio, which would be more in accordance with the experimental data. The parameters of 
the VSS model are adjusted to match this experimental data exactly, so for this comparison, it
is, by definition, exact. From Figure 5, it can be seen that the M1 model, despite the lack of 
any parameters which can be fit to diffusion data, nonetheless reproduces the inverse Schmidt 
number to within 5% accuracy. For many applications, this is adequate. More importantly, this 
suggests that M1 is a reliable alternative to-VSS when no diffusion data is available. 
6. CONCLUSIONS 
This paper has presented a brief review of several physics based molecular interaction potentials 
and has demonstrated the familiar fact that the ratio of the diffusion and viscosity coefficients 
associated with these models tends not to vary too much over a wide range of temperatures and 
species. This fact is used in the discussion of several computation scattering angle models, which 
may be used to simplify and accelerated Monte Carlo simulations of rarefied gas flows. Two 
of the computational models, Variable Soft Sphere and M1, have been introduced in the last 
few years to correct he standard Variable Hard Sphere model's underestimation f the diffusion 
coefficient. The VSS model is useful when accurate viscosity and diffusion data are available. 
The additional parameter of VSS may be fit to match both the viscosity and diffusion coefficients 
exactly. The M1 models includes no additional parameters other than those of the VHS model. 
As shown here, however, it captures the diffusive as well as the viscous behavior to reasonable 
accuracy. This is of interest when accurate diffusion data is not available. Moreover, the M1 
model more accurately models the scattering angle associated with the repulsive part of the 
physical potentials considered here. 
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